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Binomial Probability

wﬁﬁgg_of a Binomial Experiment (Bernoulli Trial)
The experiment consists of » identical trials.

D There are only two—possible outcomes on-each trial. We will

denote one outcome by S (for success) and the other by F' (for
failure).

@ The probability of S (success), p remains the same (constant)
from trial to trial (for all trails). This probability is denoted by p,

and the probability of F'is denoted by ¢g. Note tha& =] i=p,
El__:_ ‘ The trials are_independent (outcome of Gne-ma].&mj_a@?fﬁad_by
the outcome of any other trial) 3\

@ The binomial random variable x is the number of S’s in # trials, is
said to follow Binomial Distribution with parameters » and p.

@ X can take on the values x=0,1,....n

Notation: X~%y,(n,p) N — number dp Lrial -
Giromia| P— Probab'\\i‘rfj ol success in ore Erial.
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Example: Binomial Experiment
Testing the effectiveness of a drug

; SQQ@e that 10 patients with identical infirmities take a

drug, for each patient, it s observed whether the drug is
effective or not effective. Thus a [success is a curd and

ﬁailure IS a non-cure)

' (?)C\}Joy &)

e The probability of success,@%\uhe effectiveness of the
drug cures a patient, the probability of failure,[q———l-p,} is
the probability that the drug does not cure a patient.

fald o ) CL}\)L_,Q ) <SS )

» Finally, we can_assume that the results of administering
the drug arelinde nb from one patient to anether.
Hence the conditions of Binomial experiment are met.
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Binomial Probabili

. 2-outcome situation are very common in life,
for example:

» Head/Tail—> 253l alall

» Effective/Ineffective

» Democrat/Republican~s> AN &b
» Pass/Fail

» Left/Right

> Approve/Disapprove

> Hit a target/Not hit a target
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Example of Binomial Random Variable

» Number of customers entering a certain pharmacy out of

15 who make a purchase. .o a2l dslspgp S ‘-*’\*_)5\ s
- L5l

» Number of workers suffering from a certain disease in a()

random sample of 6 workers, ©PI® LR s lar J0 d\ﬂ}ﬁi

» Number of heads in th@experlment of tossing an
unbiased coin 3 times. Sho®) U goy pus (heads) 25

» Number of woman out of 10 developing a breast cancer <>

over a hfetlmedﬁ"“ csazdl Uléﬂl-' SLladt st s\ af‘
O

» Number of correct guesses at 30 true-false questions

when you randomly guess all answers. ¢ Ca L/Q_A\ 20

> Number of purchases at a certain store made with credlt:

card among 10 randomly selected purchases
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Binomial Probability Distribution

Jiux
ble X is defined to be

o If the discrete random Varlj
as “the number of successe > in_the n independent

Bernoulli trials, then X is $aid to have a Binomial

distribution denoted by X~Bin(n,p), where[n: is

the number of trials and [p:is the probability of

success. If X~Bin(n,p), then the probability mass

function (pmf) for X denoted by_P(X=x) is glven

as follow: E‘Nmbefqg.s‘ac(esg@]laﬁ)—'l e (x) Lojc [5] @
v <[ ndeperdaf] 0SS Lo (N) &
AAG ) T 2, el e Uo7 S
G Uob ¢ [2-Oukeme]lic baSs (Lgls
22 S b o [ prbebifty ]
Rinomial k=l (S )20 Los
Nistribubion

- = — —
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Binomial Probability Distribution

.UL%-()JL
'E#? Uyw\/\ - n!
_/h,“u p(x)= ( j T xf(n x~)'p “(1-p)"

_Q(x) _mhmhgmmws
‘Success’ on a single 'l()
) b—ouﬂy J2>U =P
). -bes (1-2)

ng?

1w

lures in # trials
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Binomial Probability Distribution

gl e as= (P) dé{}uo

It X~Bin (n, p), then the approximate shape for the
distribution of X is given as follows:

1) If ) p < 0S5, \ then right-skewed (positive)

distribution.

2) IEBiL)_._Sl then symmetric distribution _L/_\

3) If

P > 05) then lefi-skewed (negative)

distribution. l |
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sinomial Probability Distribution
Example

=/
Experiment: Toss 1 coin 5 times in a row. Note

mber of tails. What’s the probability of 3 tails?

— 6

n! . ey o
sucesses p(x)——— x!(n_x)!p (1_}7)
namberc,{ «_—0@49
.- - - o 3!(55 !_3)!'53(1_'5)5—3
h=54
Ax=3 =.3125
P 05
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_ do gl ol
Binomial Distribution z Jteii (\oo)

. . CJLJ.P_IJ[bCCQ_o)
Thinkin *
. Challeng?o .2 - (@)

You’re a telemarketer selling service.

You’ve sold Zm your_last 100 call
(p =.20). If you

C peoy 1.ght, what’s the
probability of >11= 12" | b i
A. No sales? Qo) —= o*°F (1) o

B. Exactly 2 sales?
C. At most 2 sales?
D. At least 2 sales?
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Binomial Distribution Solution”®

n=12,p=.20

A. p(0)=.0687
B. p(2) =.2835
C. p(at most 2)

D. p(at least 2)

—_—
—
—
—
—_—
——

p(0)

+p(1) + p(2)

0687 + 2062 +.2835
.5584

p(2)

[ p.—t
I

3
b2
.

+p(3)...+ p(12)
[p(0) +p(1)]
0687 — 2062

1
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Binomial Distribution

Characteristics

_ = (.1
rMeanAl |
- u=EMX@)=mnp

= BEyo.l= i
fStandard Deviation| 2 3 4 5

o = \npq

\Recall thatq=1-p 0 o 3 4 5
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o= 2

Example

* Supposelit is known a new_drug is successful in curing a muscular
pain in 22%)of the cases. If it is tried on a random sample of 5.

patients, then answer the following: =5
eq e ( : 1 -— °
a) Find the probability that: (Z 0.

1) No one of patient will be cured? —> 2=0

2) Exactly 3 patients will be cured?—> <=5

3) At least 2 patients will be cured? PR) - R3), P, R5 )

4) At most 4 patients will be cured? o) < P(% pa), R3), fu) @
5) From 1 to 4 patients will be cured?\\; %’; el ) « I

b) Find the mean and standard deviation for the distribution of the
number of patients who are cured? A4 = /7 P=021%5 / ynPg

c) What is the approximate shape for the distribution of the number
of patients who are cured? P Jo.b —>  Qoditive.

Scanned with CamScanner



» n=5, p=0.22, X~Bin(5,0.22) 3

Solution l

PV =0)=

S —t

P l’—h-{

2L ---8)-|r

LN

0

Al =)=

YA
af

LY

b

0.2 ) (0.78 ) =

[ i

LV =1)= y 4 10.22 (0.

35;

5,38

(02

4
Fiy = a.-] '(u 3[R i

-

13)

(0.2 {0.38)" = .;:_;7(0.0434 MO8 )= (10 ) 0.0484 JI0.4%8 ) =0.239

; " i |
227078y = ={0.010648 X0 6084 1= {10 10.010648 N 0.6084 § = U UGS

31

31078 = 31‘—"-_-[0.00234256 HO.TS 3= (3)(0.00234256 nU. 781 =0 09

s
o5, (1(0.289 )= (1)1)(0.289 ) = 0.289

ok _
mreme [ HHOOS [ S3032

)

"1

22N0.370 )= (022 )(0.370 ) = 0,407

-

W=l QOBUSISIAYY 1= 0 0]
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d® Continued
)\/
o\ a1 [ e s )

PX=x) 0.289 0.407 0.229 0.065 0.009 0001 1 D
5
>

a) The probability:
1) Probability that no one of patients will be cured = P(X—()) =(.28!
2) Probability that exactly 3 patients will be cured =P(X=3)=0.065
3) Probability that at least 2 patients will be cured = P(X > 2)
= P(X=2)+P(X=3)+P(X=4)+P(X=5) -
=(.229+0.065+0.009+0.001
=(0.304 OR
The probability that at least 2 patients will be cured
=P(X>2)=1-P(X<2)
= 1-(P(X=0)+P(X=1))
= 1-(0.289+0.407) = 1- 0.696 = 0. 304
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Continued

4) Probability that at most 4 patients will be cured

=P(X<4)
= P(X=0)+P(X=1)+P(X=2)+P(X=3)+P(X=4)
= (.289+0.407+0.229+0.065+0.009 = 0.999

OR
Probability that at most 4 patients will be cured

=PX<4H)=1-P>4)=1- (P(X=5)=1-0.001= 0.999
5) Probability that from 1 to 4 patients will be cured

=P(1<X<4)

= P(X=1)+P(X=2)+P(X=3)+P(X=4)

= 0.407+0.229+0.065+0.009

=(0.71
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/ Continued

ﬂ o) The mean and the standard deviation for the number of
patients who are cured can be calculated as follows:

» The mean i = E(x) = np
= (5)(0.22)=1.1 patients

> The standard deviation o =/npg

c=.np(1—q) =/(5)(0.22)(0.78)=0.926 patient.

¢) The approximate shape of the distribution of the number
of patients who are cured 18 right-skewed (positive) because

p= 0.22 which is less than 0.5.
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Continuous Probability Density
Function

The graphical form of the probability distribution for a
continuous random variable x is a smooth curve

fx)
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Probability Distributions
for Continuous Random
Variables
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Continuous Probability
Density Function

This curve, a function of x, is denoted by the symbo] f{x)

and 1s variously called a p_r_(_)b_ahlhty_dﬂns@_{unmgn//
(pdf) ﬁ/frequency functlolf% _probability™
distribution.

The areas under a probability [
d to

_probabilities fof’x] The area 4
beneath the curve betweentwo f] =

points[cﬂand[bjﬂs the probability “ N ot y
thaf x lassumes a value between g and-b. @fobab\\‘ » S

Mt o
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Probability Distributions for Continuous Random
Variables

» Theprobability distribution —of acontinuous random
variable is called & continuous probability dlstr butloﬂ

 The most important of-centinueus-prol
in statistics (in life) is the normal distribution (some times

referred to as G_aussmn_d.tsmbuuon)
- Biokgj, vty dUsLaNE Dby kol S0 PN
- medlicing ,
vmed B8 1%
- Plont cell ™ Jiiiblion > 7

Gausinn Lorc |

Aistribulion
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The Normal Distribution
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ﬁjmﬁortance\of
N S

ormal Distribution

1. Describes many random processes or continuous

phenomena

2. Can be used to approximate discrete probability
__distributions

»  Example: binomial

3 , lassical statistical inf o
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Normal Distribution

1. ‘Bell-shaped’ & fix)
symmetrical :

2. Mean, median, mode
[are equal)

X
3. Continuous prohability
djS::]:i.bllIiQn Mean
| Median
Mode
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Probability Density Function
| - (pdf)
e N \/1_6—(3@#)2
Fnf L 7T

u = Mean of the normal random variable x
o = Standard deviation

r=3.1415...

e=2.71828 ...

P(x < a) is obtained from a table of normal
probabilities
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Effect of Varying
Parameters (u & o)

(ror el &{isfrilaulgg[ Vb Sliiny, :

) K
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Properties of the Normal Density Curve
-.c7a_z’ Lo —

Tt is symmetric about its mean u

The highest point occur atx=[ \

It has inflection points atfu - o)and/u + o
| The area under the curve is @

FREEE e

m The area under the curve to-therisht-of_u equals
the area under the curve to the left of u equals %.

D The mean median, and mode ére equal. |

1A A2 (R

Scanned with CamScanner



The Beauty of the Normal Curve

* No matter what p-and o are, the area between
u-cand u+ois abolt 68%j the area between
u - 26 and p + 20 _is about 99.7%\Almost all

values fall within 3 _standard deviations (68-95-
9 9 I 7 RUL@) Areas urider the normal curve that lis between 1, 2, and &

standard deviations an sach side of the mean

69.5% of data

de 95 6% of it e

e 93, 7% of data

1 |
A80 MEAN * 480 +2ISD * 380

380 280
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Normal Distribution
robability

Probability is
area under
curve!

x)

Scanned with CamScanner



Normal Distribution Probability

Normal-distributions differ by mean & standard-deviation. Since the shapes are
different, the areas under the curves between any two points are also different.

f(x)

Non-standard N ormal Dlstrlbutlon

To ake life easier, all_the_nmmnglsIﬁbuu ons-can-be
:@(95 ) converted to a standard normal distribution. sl

o tandard normal distribution has g mean p = a}md o
oV — 1. ¥ a0 flo
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;{}YProperty of Normal Distribution

If x 1s a normal random variable with mean x and
~ standard deviation g, then the random variable z,

defined by the formula
(2) - (%) Y= Yzzu‘]

Je
has a standard normal distribution. The value z describes
the number-of standard deviations-betweenx-and y.
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Standardize the
Normal Distribution

Normal o Standardized Normal
Distribution Distribution

a s,
4 ) y,

77 £

%

7

Y
4
/
4 w3

<
. ,,,/Fiﬂ;./ 7

One table!
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Finding a Probability Corresponding
to a Normal Random Variable
1. Sketch normal distribution, indicate-mean; and shade

the area corresponding to-the probability-you-want.
2. Convert the boundaries of the shaded area from x
values to standard normal random variable z
]

Vaw
\o g

Show the z values under corresponding x values.

3. Use Z score table to find the areas corresponding to
the z values. (J9 sl JPSSpva
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