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The Sampling Distribution of a
Sample Mean and the Central
Limit Theorem
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Properties of the Sampling
Distribution of@\ S ey e

following properties about the sampling
distribution mean y, thatis: -%M ofan



Properties of the Sampling Distribution of x

I. Mean of the sampling distribution equals mean of
sampled population*, that is A

— Y )= SoY P"P“\q‘“ "
(s 8- EO -

as thefstandard error of the mean.;
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Properties of the sampling distribution

1

of semPll

2. The mean W of the distribution of the vajues of
R will be the same as the mean of the population

3. The variance, o, of the distribution of &

divided by the sample size; ;03 = 'c’f%}
’ &
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= The sample mean is a consistent estimator
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Theorem

That 1s,

Normal Population

Distribution
(?o &\t\"

H X
_‘ Normal Sampling

Distribution
(has the same mean)
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Sampling from Normal Populations

* Central Tendency Population Distribution
He = H | c=10

O —
0 =— p=30 «x
\/; Sampling Distribution
— Sampling with n=4 =16
replacement C ;= R

S \ c;=2.5\&y
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Sampling from Normal Populations

* Note that:

1f n <30, then the sample size (n) is small.
fv230thent exsizes(nhisiange.
X0, Xo0e X, ™~ N(1, 02)

X~ N(u, Z=) for n <30 or n 2 30 nefva) o«
X fariane 30 Ll &N sl vlo)
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Sample distribution
of the sample mean




Sampling from Normal Populations

* Example consider a normal pﬁg;ulatlon with g = 50 and o = 15.

"A—-N’_

suppose a random{ample of size 9 is selected from this population,
what is the samplmg distribution for the sample mean?

* Solution: since the original population is normal, then the
distribution of the sample mean is also (exactly) normal distribution
with mean and variance as follows:

N(50,225)
M- = =50 because ils  nofenal

o
0. =—==15/3=5.

Jn

So for X~ N(50, 25) is the sampling distribution of X.



Sampling from
Non-Normal Populations

* Central Tendency

O
0. =—F
X \/;
— Sampling with

replacement

Population Distribution
c=10

=50 «x

Sampling Distribution

n=4 (n =301
o.=5 o.=138




Sample Mean Sampling Distribution:
If the Population is not Normal

Sampling distribution

properties:

Central Tendency

X

Variation

0]
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¥
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Population Distribution

L4

Sampling Distribution

H X

(becomes normal as n increases)
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Smaller
< sample size

Larger
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Central Limit Theorem (CLT)

Consider a random sample of n observations selected
‘meanand standarddeviation:ouThen, when n is

sufficiently large, the sampling distribution of xwillbe

approximately a normal distributi withc{nean seaplt
. . SYem Q/C( v
and standargl deviationjo- 0'/ S o chor o plafay
The larger the sample size,ithe better will be the»
* normal approximation to the sampling distribution of X
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Central Limit Theorem (CLT)

. E{SE“ﬁE Interpreting the CLT. ..ok oo + M

Phone bill for residents of a city have a mean of S64
and a standard deviation of $9. random samples of
36 phone bills are drawn from this population and
the mean of each sample is determined. Find the
mean and standard error of the mean of the
sampling distribution. Then sketch a graph of the
sampling of sample mean?

Lafj =l v 30 < (sample sizd) |y O\l 4= %(%é}

aag3a gn

shipakon =\ 203 §)) o9
nofmal 4 a - e
de9



Solution: Interpreting the Central Limit Theorem

. The mean of the sampling distribution is equal to the population mean:
() = =64

9

. Since the sample size is greater than JU the sampling distribution can be
approximated byi
_é

15

————

J = 64 Oz = 1.3
Distributi |
Sampte ians
Sample Mceans
withn =36
0’3 “S
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o ¢ 8-:Central Limit Theorem (CLT)

 Example NN~
The height of fully Whltﬁ oak are normally
distributed, W|th a mean of 90 feet and standard

e —

deviation of 3 5 feet. Random samples of S|z_e_4’are
drawn from this populatlopmgnd the mean of each
sample is determined. Fmd the mean and standard
error of the mean of the sampling distribution.
Then sketch a graph of the szfnpl@distribution of

sample means?
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* The mean of the sampling distribution is equal to the
population mean: H;: = U =90

* The standard error of the mean is equal to the population
standard deviation divided by root of n:

O
o= = 3.5/2=1.75
n

M= =90 o =1.75
Distribution of |

Distribution of
Population Helghts

Sample Means
witha = 3
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The Probability of a Sample Mean

How to find the probability associated with a
sample mean?

Z X T Ll M &
= is approximately N(0, 1).
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Standardizing the Sampling
Distribution of x

X—M X-U
Z — —
O_ O
X -
Sampling \/; Standardized Normal
Distribution Distribution
Gx_ O = 1
Hy X #=0 7



Central Limit Theorem

o

O.=——
Ats sample Jn
size gets sampling
large h distribution
en0>u§0 becomes almost
(n = 30) ... normal. )
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Examples

The graph shows the length of time people spend driving

eac
is t

n day. You randomly SWQS to 1Q what
ne probability that the mean time they spend driving

n day is between 24.7 and 25.5 minutes?

eac
Assume thatminutes and@ninutes?

Solution

From the central limit theorem (sample size is greater than

30),

the sampling distribution of the sample mean is

approximately normal with mean and standard deviation
given as follows:

fe = p =25 %= =1.5/Y/50 ~ 0.21213
5\/#\”_,,\\

b

@U



Then the probability that the mean time they spend driving each day is
between 24.7 and 25.5 minutes can be calculated as follows:

i o e
Normal Distribution Standard Normal Distribution
}nm—b Guwan= 0.21213 !‘f"‘” ,,1-'-'0 0"-‘]

P(24.7 <X <25.5) /i

Y - ) 7 EHH
@ (‘7 o bl od Lral
i\ 9/ -
bt /N

247 25 255 141 0 2.36 .

= e \b » )H v Q{opq\\\rﬁ’h*"m
P(24.7<X<25.5)=P(-1.41 <Z<2.36)
=N(2.36) - N(-1.41)=0.9909 - 0.0793 = 0.9116
oWV =T

s




oy =% Examples

A bank auditor claims that cr%dit card balances are
normally distributed, \éuth a mean of JD2870 and a
standar% deviation of JD900. you randomly select 25 credit
card holders. What is the probability that their mean credit
card balance is less than or equal to JD25007? 300 7 \s)

Solution
Since the population is normally distributed, the sampling distribution of the

sample mean is also normally distributed. Now, we are asked to find the
probability associated with a sample mean and this can be calculated as

follows:

1, = 0= 2870



Normal Distribution

Standard Normal Distribution
Mran= 2870 Guwan= 180

n=0 o=1

:: = e = ST '-‘.<--~" § -2.("6

2500 2870 206 O

i) ¥ :
P( X <2500) = P(Z <-2.06) =N(-2.06) = 0.0197—= o~ o?—f%

Conclusion: There is only a 2% chance thet the mean of a
sample of size. 25 will have a balance less than or equal to
JD2500 (unusual event). It is possible that the sample 1S
unusual or it is possible that the auditor’s claim that the
mean is JD2870 is incorrect.




Examples

Suppose that the TOFEL exam scores for pharmacy students
graduated from th shemite Unjversity are normally distributed
% 30 > W\ N el easls

] ' e ————
With{Qt = 500 And{o = 100, simsices=Z s G 9
\N/

In a random sample of size (@ = 25 students) what is the probability

that the sample mean would be greater than 540?/:—\ Y 7 BN

(s O\, ao\ul\ )

Solution

Since the population is n
sample mean is also nori
probability associated wit

ormally distributed, the sampling distribution of the
nally distributed. Now, we are asked to find the
h a sample mean and this can be calculated as

LS ‘Normal Distribution o
p'("b“’: 500 Otxbar) = 20—> Sr = 6’_6—
P(X>540)=1-P(X £540) n & e =

— 1 - P(Z < (530 — 500)/20)

orzy  P(X >540)
=] —=P(Z $2) | ;. k
=1 -N(2) 3 N . 9§)”'\
=1-0.9772 B

=0.0228 R .

0 \ 2




Thinking Challenge

You’re an operations analyst
for AT&T. Long-distance
telephone calls are normally
distributed with/z = 8 min.
in. If you select
random sarggles o) 25/a||s,
what percentage of the
sample means would be
between 7.8 & 8.2 minutes?




Sampling Distribution Solution*

/f /f

— 8.2 — 8
Sampling / / Standardized Normal
Distribution \/7 \/7 Distribution
o-=4 o=1
: X
3830
1915 1915\_
7.8 8 82 —50 0 .50 z
X 2 8.5°



Central Limit Theorem Example

The amount of soda in cans of a

. M
particular brand has a mean of
12 0z and a standard deviation
of .2 oz. If you select random
samples of 50 cans, what
percentage of the sample means
would be less than 11.95 o0z?

LY




Central Limit Theorem Solution*

Y—u 11.95-12
A = _1.77

Sampling //7 / N Standardized Normal

Distribution Distribution

= .03 o=1

0384

|

mes 12 X, 53_/77 0 Z

Shaded area exaggerated



Sampling Distributions
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Parameter & Statistic

A parameter is a'numerical descriptive measure

almost alway§ unknown.)

A sample statistic is¢.a numerical descriptive




Common Statistics & Parameters
PSRN R PRI -

Sample Statistic Population Parameter

Mean X U
Standard |

Deviation S a0 O
Variance 52 o>
Binomial o hab ]/9\ »

Proportion



The Concept of Sample Distribution

* In sample distributions, we are moving from

Inferential statistics :

* Inreal life parameters of populations arecknown-and




Sampling Distribution

The sampling distribution of a sample statistic

calculated from @ sample of n measurements is the

The sampling distribution are used to ‘calculate the!

 parameter.




Developing
Sampling Distributions
WP ps |
Suppose There’s a Population ...

* Population size, N = 4

e Random variable, x

 Valuesofx:1,2, 3,4

 Uniform distribution




Population Characteristics

Summary Measure Population Distribution
i 37
' lxi 4
u="-"—=2.5 d -
N 0 -
AR 2EM 25 1 2 3 4
A



All Possible Samples
of Sizen=2

16 Sample Means

1st

2nd Observation

Obs

P |

2

3

4

1/

P

1.0

1.5

2.0

2.5

1.5

2.0

2.5

3.0

2.0

2.5

3.0

3.5

16 Samples
1st | 2nd Observation
Obs| 1| 2| 3 | 4
1 |1,L1[1,2(1,3]1,4
2 (2,112212,3]24
3 (3,1(3,2]3,3]|3,4
4 (4,114,214,314.4

2
3
4

2.5

3.0

3.5

4.0

Sample with replacement




Sampling Distribution
of All Sample Means

16 Sample Means

1st
Obs

2nd Observation

1

2

3

4

1

1.0

1.5

2.0

2.5

1.5

2.0

2.5

3.0

o W

2.0

2.5

3.0

3.5

S

2
3
4

2.5

3.0

3.5

4.0

Sampling Distribution
of the Sample Mean

P(x)

o
X
1.0 1.5 2.0 2.5 3.0 3.5 4.0
ped 1am A




Summary Measure of All Sample Means

N
dx
©1.0+1.5+...+4.0

X

_ == 2.5
ERY 16
Comparison
Population Sampling Distribution
3 TP
3
4 9
2
d 7
' 0
1 2 3 4 1.0 1.5 2.0 2.5 3.0 3.5 4.0
U=2. . =2.5




Key Ildeas

Generating the Sampling Distribution of x

Select sample size n (large)
from target population

Calculate x

Repeat this

Population: process an Samplmg dls‘trlbutlon of‘ X -
Mean = u infinite (1.e., theoretical population of X’s)
Std. Dev. =0 pumber Mean = u= = u
Unknown shape of times Std. Dev. = o7 =

Normal distribution  Central Limit Theorem)
& o G Pt e =
folua’ Qi< b/ Dukow




The Sampling Distribution
of the Sample Proportion p”

oY PoPwlgtion ©




Introduction

Whgn conducting research about a population, researchers in business,
socioeconomics, politics, medicine, nursing and pharmaceutical matters are
often more interested in the proportion of a population (p) with a particular
characteristic, rather than the number of population elements with the
characteristic, for example:

d

In each of these situation, the actual number of population elements
with the characteristic will vary with the sample size. But the aim of
obtaining samples is to estimate the proportion (or percentage) of
the population with the characteristic of interest.

L ——




The Sampling Distribution of the Sample Proportion p”

(dan
 We hope that the sample proportion is close to
the population proportion.

* How close can we expect it to be?
* Would it be worth it to collect a larger sample?



How to Calculate the sample Proportion (p"

Suppose that p is the proportion of a population with a
particular characteristic, then if p is unknown, we can estimate it

by using the sample proportion p” (p-hat) using the following

steps:

1. Draw a random sample (SRS) of size n elements from the
population that contains N elements.

2. Let X be the number of sample elements with the
characteristics (hnumber of successes).

3. Calculate the sample proportion (p") using the following
formula:
» _ count of successesin thesample _ X

p_ ——

n mn
That is, p"is the proportion of elements of the sample of size n

that have the characteristic of interest




Example

The Jg}rdanian Ministry of Health did a survey of in a random sample

of 10904 Jordanian peoples and smoking habits. The researchers
defined :

Frequent smoking as having 5 or more cigarettes in a row three or
more times in the past two hours. According to this definition, 2486
persons were classified as frequent smoking. Based on these data,

estimate the proportion p of all Jordanian peoples who admits to
frequent smoking?

Solution

The true proportion (p) of Jordanian peoples who are frequent smoking can

be estimated by using the sample proportion () which can be calculated as
follows:

ﬁ __ Number of Jordanian persons who are classified as frequent smokin
_ Number of Jordanian persons in the sample




The Sampling Distribution of the Sample Proportion p”

* Choose an SRS of size n from a large population that
contains population proportion p of successes. Let p”
be the sample proportion of successes,

A _ count of successes in the sample

p_
* Then:

» As the sample size increases, the sampling distribution
of p becomes approximately normal.

» The mean of the sampling distribution is p.
» The standard deviation of the sampling distribution is

— )= @
Standard deviation of p = \/ ‘l@ B)/
n

e T A =3 (VT [ VYA R

n




The Sampling Distribution of p"

It turns out that the sampling distribution of p” is
approximately normal with the following
parameters. o ofrs, wab=p

p(l-p)

Variance of p =

p(l-p)

Standard deviation of p = \/

n b

™ o
‘“ ;13 "?:1 Standard
-\{ il \ % SRSsizen |, Y deviatian
Ay , r R 'p(l r’l
h - l"tq SRS sizen e
‘ 33 1 ! f' A H P
3, 3C o} >
1-‘ ) J) ! \ \'! “_,Shs sl P
.‘. 7} 1 y-r’
g1 ‘.’:” " Mean p
i | .':'.' 2
{ O'“ ‘fJ._‘ ™ J
4 :\. N
Populatnon 2 A RS B
proportion p ———Values of p =+

of successes



The Sample Proportion




Aol

. . [
The Central Limit Theorem for the Sample Proportion ( $)

For any population proportion (p), the sampling distribution of the sample
proportion (p) is approximately normal_if the sample size (n) is sufficiently
large. As a general guideline, the normal distribution approximation is

justified when np 2 Sand n(l -p) =5, that | ”("Samplmsz Distribution of =

the Sample Proportion "
t’ APPTOXtmate[},éN p, p) Ifn is sufficiently largeJ

* The approximation to the normal distribution is
excellent if:

np>Sand n(l—p)=>5.

3\ Jate pesbl @ ¥ V0 |
QPP(O\I\(MO\»\'\UA Qonﬁ( Ao/ wd) d\s\[,b\k\\ow




Example

Suppose that the population of interest is the
Hashemite University pharmacy students. Assume
that the proportion of students in the population
who wear eyeglasses is) p=0.25,if a random sample
(SRS) of 50 students is to be selected, then define
the characteristics of the sampling distribution of
the sample proportion p”®, where p" is the

proportion of HU pharmacy students in the random
sample who wear eyeglasses?




Example

Solution

We know that the mean of the sampling distribution of P is:

= 0.25
standard deviation of the sampling

and we know that the variance an
distribution of p are: |
gomelal (029)07%) - 00375 ; op= ’”“”’) = /0.00375 = 0,0612
P T, 50 n N o S5¢ !
Finally, for sample size_of n = 50, we have np = (50)(0.25) = and .
n(l - p)’;,= (50)(0.75) thus the large sample conditions are satis ied and
the sampling distribution of p can be approximated by a normal distribution,

that is: p Approximately N(p ,M)= N(0.25, 0.00375) -

n

—




How to Find the@robabilil) 1ssociated with a Sample Proportion (5)?

Since the sampling distribution of p can be approximated by a_normal

distribution, we can use the areas under the curve of the standard normal
distribution

to answer the probability question. With the normal distribution,
we need to compute a Z-score value, where

Notation: The above Z-score is identical to the Z
value we have always used, with the exception of
the notation P and 05 , which is used to remind us

~we are dealing with the sampling “distribution” of
the sample proportion (p).



P Example

Thiazide diuretics are often the first, but not the only
chgice in high blood pressuredmedlcatlons Suppose that
ZrQ‘l/o\/of all doctors in Jordan favour Thiazide diuretics. If the
manger of a pharmaceutical mdustnes company in Jordan
take a random sample (SRS) of size n = 600 doctors, then
what is the/probabllltﬂthat the sample proportion (p") of

doctors who favour Thiazide diuretics will be:

1. Between 0.18 and 0.22? P(0.18 < p"<0.22)
2. Lessthan or equal to 0.18? P (p"< 0.18)

3. More than 0.22? P (p">0.22)




Solution
We know that the mean of the sampling distribution of p is:
Ho =P = 20% = 0.2

and we know that the variance and standard deviation of the sampling
e — ——
distribution of P are:

o} =2UR = Q208 _ 000027 ; g5 = [FE=0.00027=0.0164
n 600 n




[y
Finally, for sample sigq,/ of n = 600, we have np = (600)(0.2) = 120 and

n(l —-p)= (600)(0.8) ="480: thus the large sample conditions are satisfied and
the sampling distribution of b can be approximated by a normal distribution,

thatis: p Approximately N(p ,p—(ln;p))= N(0.2,0.00027).

Normal Distribution
Uy =02 ¢} =0.00027

30 .

-

0 01 02 03 04 05 06 07 05 09 |

Samplingdistributon of p



Now, the required probabilities can be found as follows:

(i) Probability that the sample proportion (p) of doctors who favor Thiazide

diuretics will be between 0.18 and 0.22 can be calculated as follows:
018-02 . p-p _022-02

P(0.18 <P <0.22) = P(S-—=< J_esl-ez .

=P(-122<Z <1.22)
=N(1.22) = N(-1.22) = 0.8888 — 0.1112

=0.7776
(ii) Probability that the sample proportion (p) of doctors who favor Thiazide
diuretics will be less than or eq! - 18 can be calculated as follows:

p—p < 0.18 -

P(p <0.18) =P(Jm S

=P(Z £-1.22)=N(-1.22)=0.1112 o
(iii) Probability that the sample proportion (p) of doctors who favor Thiazide

diuretics will be more than 0.22 can be calculated as follows:
p-p_ 022-02

P(H>022)=1 - P(p=<022) =1 — P(\/@ = 0.0164 )

o o -ANW2 W2

=1 — P(Z <1.22)=1-N(1.22)
=1-0.8888=0.1112



